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1. Introduction
In this work we have only considered simple and connected graphs. Let G =

(V,E) be a graph where V = V (G) and E = E(G) represents vertex set and
edge set of G respectively. The total number of vertices and edges denoted by
|V (G)| and |E(G)| are respectively called as order and size of G. An edge between
two vertices vi and vj is represented by (vi, vj) and dv i.e., degree of v gives total
number of vertices adjacent to v. For a graph G, the complement of G have all
the edges not in G but in its corresponding complete graph with same order. Also
neighbourhood of a vertex v denoted by N(v) defines the set of adjacent vertices
of v.

The adjacency matrix A(G) is one of the most primitive matrix associated
with a graph where A(G) = [aij] such that aij = 1 if vi is adjacent to vj and 0
otherwise. The set of all eigenvalues of A(G) together with its multiplicities is said
to be the spectrum of G. Over the years various modified adjacency like matrices
such as Laplacian matrix L(G) = D(G) − A(G) (where D(G) is corresponding
diagonal matrix), signless Laplacian matrix Q(G) = D(G)+A(G), distance signless
Laplacian matrix QD(G) etc. are proposed and their corresponding spectra together
with various other properties are extensively studied. In literature, the spectra of
L(G) and Q(G) are known as L-spectrum and Q-spectrum of G. In 2017, Nikiforov
[11] proposed a new matrix which is the convex combination of D(G) and A(G)
where

Aα(G) = αD(G) + (1− α)A(G), 0 ≤ α ≤ 1

and put forwarded different aspects of study to extend the properties of constituent
matrices to Aα-matrices. The set of all eigenvalues of Aα(G) is referred to as
Aα-spectrum of G. In the last few years, extensive volume of research has been
carried out to attain and explore the properties of Aα in different dimensions and
involving different parameters. Two graphs with same set of eigenvalues are termed
as cospectral graphs. Similarly two graphs are Aα-cospectral if they have same Aα-
spectrum.

In literature, defining various operations on graphs and finding its different
spectra (say L-spectra, Q-spectra etc.) are considered as interesting topics to
discuss and discover. In recent years, various variants of corona product of graphs
say edge corona, neighbourhood corona, R-vertex corona, R-vertex edge corona etc.
are introduced and spectra are studied (some references are [3, 9, 10]). Motivated
by these, in this paper we have found the Aα-spectra of various types of duplication
corona operations and suggested some methods to generate infinitely many family
of Aα-cospectral graphs. For some recent works on Aα-matrices, one can visit
papers [12, 13, 14].
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Now we discuss some known results and lemmas that helped us to attain the
desired results. Let A = [aij] and B = [bij] be two matrices of order m × n and
p× q respectively. Then the Kronecker product [4] of A and B denoted by A⊗B
is the mp× nq order matrix obtained by substituting each aij of A by aijB. Also,
the property of Kronecker product shows that (X ⊗ Y )(Z ⊗ W ) = XZ ⊗ YW .
Throughout the content, we have used the symbol Jn to represent an n×n matrix
with all entries 1 and notation e is used to denote a column vector of compatible
size with all entries 1. Spec(G) refers the set of all eigenvalues of G with respective
algebraic multiplicities. For a matrix A, f(A, x) = det(xI − A(G)) represents the
characteristic polynomial of A.

Lemma 1.1. [16] Let M1, M2, M3 and M4 be matrices such that M4 is non-
singular. Then ∣∣∣∣M1 M2

M3 M4

∣∣∣∣ = |M4||M1 −M2M4
−1M3|

where M1 −M2M4
−1M3 is called the Schur complement [16] of M4.

Lemma 1.2. [3, 10] For a square matrix M of order n, M- coronal denoted
by ΓM(x) is defined to be the sum of the entries of the matrix (xIn − M)−1 i.e.,
ΓM(x) = eT (xIn −M)−1e, where e is the column vector of size n whose all entries
equal to 1.

Lemma 1.3. [3] Let M be a graph matrix of order n. If each row sum of M is

equal to some constant r, then ΓM(x) =
n

x− r
.

Lemma 1.4. [9] Let α be a real number, A an n × n real matrix, In the identity
matrix of size n and Jn the n× n matrix with all entries equal to 1. Then

det(xIn − A− αJn) = (1− αΓA(G)(x))× det(xIn − A).

Lemma 1.5. [5] Let

A =

[
A0 A1

A1 A0

]
be a 2 × 2 block matrix. Then the eigenvalues of A are those of A0 + A1 together
with those of A0 − A1.

Theorem 1.6. [8] Let G and G′ be two graphs such that Spec(Aα(G)) = Spec(Aα(G
′))

for α ∈ [0, 1]. Then

a |V (G)| = |V (G′)|;
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b |E(G)| = |E(G′)|;

c If G is r-regular, then G′ is r-regular.

The following definitions are the basis of our findings:

Definition 1.7. (Duplication Graph) [7] For a graph G with vertex set V (G) =
{v1, · · · , vn} and edge set E(G), the Duplication graph Du(G) of G is a bipartite
graph with vertex partition sets U = {u1, · · · , un} and V = {v1, · · · , vn}, where
uivj is an edge in Du(G) if and only if vivj is an edge in G and then deleting the
edges only in G.

Definition 1.8. (Duplication Corona) [1] The Duplication Corona G ⊟ F of two
graphs G and F is the graph obtained by taking one copy of Du(G) and |V (G)|
copies of F and then joining the vertex vi of Du(G) to every vertex in the ith copy
of F .

Definition 1.9. (Duplication Neighbourhood Corona) [1] The duplication neigh-
bourhood corona G ⊠ F of two graphs G and F is the graph obtained by taking
one copy of Du(G) and |V (G)| copies of F and then joining the neighbours of the
vertex vi of Du(G) to every vertex in the ith copy of F .

Definition 1.10. (Duplication Edge Corona) [1] The duplication edge corona op-
eration G⊞ F of two graphs G and F is the graph obtained by taking one copy of
Du(G) and |E(G)| copies of F , and then joining a pair of vertices vi and vj of
Du(G) to every vertex in the kth copy of F whenever (vi, vj) = ek ∈ E(G).

Definition 1.11. (Vertex Complemented Corona) [15] Let G be a graph with ver-

tex set V (G) = {v1, · · · , vn} and let H⃗ = (H1, · · · , Hn) be an n- tuple of graphs.

The vertex complemented corona G◦̃H⃗ is formed by taking the disjoint union of G
and H1, · · · , Hn with each Hi corresponding to the vertex vi and then joining every
vertex in Hi to every vertex in V (G) \ {vi} for i ∈ {1, · · · , n}.

Throughout the paper, we use the word multiplicity of an eigenvalue to mean
the algebraic multiplicity of the eigenvalue.

2. Main Findings

In this section we have discussed Aα- eigenvalues of duplication corona, duplica-
tion neighbourhood corona, duplication edge corona, vertex complemented corona
and duplication vertex complemented corona subjected to some conditions. We
report some novel results related to vertex complemented, and duplication vertex
complemented corona of graphs, while some of the results presented in this section
were independently derived by Brondani et al., as reported in [2].



Aα-Spectra of Duplication Coronas 19

2.1. Aα-Spectra of Duplication Corona

It is to note that for any arbitrary graphs G and F , the order and size of
duplication corona G⊟H are 2|V (G)|+|V (G)||V (F )| and 2|E(G)|+|E(F )||V (G)|+
|V (G)||V (F )|, respectively.
Theorem 2.1. Let G be a r-regular graph with n vertices and let F be any graph
with m vertices, then the characteristic polynomial of Aα(G⊟ F ) is given by

m∏
i=1

(x−α−λi(Aα(F ))n
n∏

i=1

[x−αr−αm−(α−1)2ΓAα(F )(x−α)−(α−1)2λi(A(G))].

Proof. Labelling the vertices of G and F in a suitable manner, the Aα-matrix of
G⊟ F can be obtained as follows:

Aα(G⊟ F ) =

In ⊗ (Aα(F ) + αIm) 0 (1− α)In ⊗ e
0 αD(G) (1− α)A(G)

(1− α)In ⊗ eT (1− α)A(G) αD(G) +mαIn

 .

Therefore the characteristic polynomial of Aα(G⊟ F ) is given by

f((Aα(G⊟ F ), x) = det

In ⊗ ((x− α)Im −Aα(F )) 0 (α− 1)In ⊗ e
0 xIn − αD(G) (α− 1)A(G)

(α− 1)In ⊗ eT (α− 1)A(G) xIn − αD(G)−mαIn

 .

Now, if G is a r-regular graph, then by using Lemma 1.1 we have

= det

In ⊗ ((x− α)Im −Aα(F )) 0 (α− 1)In ⊗ e
0 (x− αr)In (α− 1)A(G)

(α− 1)In ⊗ eT (α− 1)A(G) (x− αr − αm)In


= det(In ⊗ ((x− α)Im −Aα(F )))×

det

(
S −

[
0

(α− 1)In
⊗

eT

]
[In ⊗ ((x− α)Im −Aα(F ))]−1 [0 (α− 1)In ⊗ e,

])

where

S =

[
(x− αr)In (α− 1)A(G)
(α− 1)A(G) (x− αr − αm)In

]
.
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Hence the characteristic polynomial of Aα(G⊟ F ) is

= det(In ⊗ ((x− α)Im −Aα(F )))

×det

[
(x− αr)In (α− 1)A(G)
(α− 1)A(G) (x− αr − αm− (α− 1)2ΓAα(F )(x− α))In

]
=

m∏
i=1

(x− α− λi(Aα(F )))
n × det ((x− αr)In)×

det

(
(x− αr − αm− (α− 1)2ΓAα(F )(x− α))In − (α− 1)2A(G)2

1

(x− αr)

)
=

m∏
i=1

(x− α− λi(Aα(F )))
n

×
n∏

i=1

((
x− αr − αm− (α− 1)2ΓAα(F )(x− α)

)
(x− αr)− (α− 1)2λ2

i (G)
)
.

Corollary 2.2. If G and F be r- and s-regular graphs with n and m vertices
respectively, then the eigenvalues of G⊟ F are given as follows:

i . α + λi(Aα(F )) with multiplicity n for i ∈ {2, · · · ,m}.

ii . For each i ∈ {2, · · · , n}, the roots of cubic polynomial

x3 − x2(α+ s+ αr + αm) + x[2αr(α+ s) + α2r2 + α2mr + αm(α+ s)−m(α− 1)2

− (α− 1)2λ2
i (G)]− α2r2(α+ s)− α2mr(α+ s) +mαr(α− 1)2 + (α− 1)2(α+ s)λ2

i (G).

Proof. If F is a s-regular graph, then s is an eigenvalue of Aα(F ). Hence by using
Lemma 1.3 in Theorem 2.1, the results automatically follow.

Corollary 2.3. If G1 is r-regular and G2 be any graph such that G1 and G2 are
Aα- cospectral i.e., Spec(Aα(G1)) = Spec(Aα(G2)). Then for any arbitrary graph
F , G1 ⊟ F and G2 ⊟ F are Aα-cospectral.
Proof. The result follows from Theorems 1.6 and 2.1.

Corollary 2.4. For any arbitrary graph G, if F1 and F2 are Aα-cospectral such
that ΓAα(F1) = ΓAα(F2), then G⊟ F1 and G⊟ F2 are Aα-cospectral.

2.2. Aα-Spectra of Duplication Neighbourhood Corona
From the definition it is clear that number of vertices and edges of duplica-

tion neighbourhood corona G ⊠ F are 2|V (G)| + |V (G)||V (F )| and 2|E(G)| +
|V (G)||E(F )|+ |V (F )|

∑n
i=1 |N(vi)| respectively.

Theorem 2.5. Let G be a r- regular graph with n vertices and let F be any graph
with m vertices. Then the characteristic polynomial of G⊠ F is given by
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m∏
i=1

(x− rα− λi(Aα(F ))n
n∏

i=1

(((x− αr(m+ 1))− (α− 1)2ΓAα(F )

(x− αr)λ2
i (G))(x− αr)− (α− 1)2λ2

i (G)).

Proof. Labelling the vertices of G and F in a suitable manner, Aα(G⊠F ) can be
obtained as follows:

Aα(G⊞ F ) =

In ⊗ (Aα(F ) + αrIm) 0 (1− α)A(G)⊗ e
0 αrIn (1− α)A(G)

(1− α)A(G)⊗ eT (1− α)A(G) αr(m+ 1)In


Proceeding similarly as above, we can obtain the desired result.

The following corollary follows directly from Theorem 2.5.

Corollary 2.6. If G and F be r and s regular graphs with n and m vertices
respectively, then the spectrum of G⊠ F consists of the following:

i . αr + λi(Aα(F )) with multiplicity n for i ∈ {2, · · · ,m}.

ii . For each i ∈ {2, · · · , n}, the roots of cubic polynomial

x3 − x2(3αr + αrm+ s) + x(3α2r2 + 2α2r2m+ 2αrs+ αrms− (m+ 1)

(α− 1)2λ2
i (G)) + (α− 1)2λ2

i (G)(αrm+ αr + s)− α2r2(m+ 1)(αr + s).

Corollary 2.7. If G1 is r- regular and G2 be any graph such that G1 and G2

are Aα-cospectral. Then for any arbitrary graph F , G1 ⊠ F and G2 ⊠ F are Aα-
cospectral.

Corollary 2.8. For any arbitrary graph G, if F1 and F2 are Aα-cospectral such
that ΓAα(F1) = ΓAα(F2), then G⊠ F1 and G⊠ F2 are Aα-cospectral.

2.3. Aα-Spectra of Duplication Edge Corona

Definition 1.10 suggests that the order and size of duplication edge corona
G⊞ F are 2|V (G)|+ |E(G)||V (F )| and 2|E(G)|+ |E(F )||E(G)|+ 2|E(G)||V (F )|
respectively. Here, the symbol B represents incidence matrix of graph G.

Theorem 2.9. If G be a r-regular graph with n1 vertices and m1 edges and if F
be any graph with n2 vertices, then the characteristic polynomial of Aα-matrix of
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G⊞ F is given by

n1∏
i=1

[
{x− αr(n2 + 1)− (α− 1)2(λi(G) + r)ΓAα(F )(x− αr)}(x− αr)− (α− 1)2λ2

i (G)
]

×
n2∏
i=1

(x− αr − λi(Aα(F )))m1

Proof. By suitable labelling of vertices and edges of the graphs G and F , we get

Aα(G⊞ F ) =

Im1 ⊗ (αrIn2 + Aα(F )) 0 (1− α)BT ⊗ en2

0 αrIn1 (1− α)A(G)
(1− α)B ⊗ eTn2

(1− α)A(G) αr(n2 + 1)In1


Therefore, after routine calculations like in Theorems 2.1 and 2.5, we obtain the
required result.

The following corollary on having infinite family of Aα-cospectral graphs can
be automatically derived from the above theorem.

Corollary 2.10. If G be a r-regular graph with n1 vertices and m1 edges and let
F be a s-regular graph with n2 vertices, then the eigenvalues of Aα(G⊞F ) consists
of

i . αr + λi(Aα(F )) with multiplicity m1 for i ∈ {2, · · · , n2}.

ii . αr + s with multiplicity m1 − n1.

iii . For each i ∈ {2, · · · , n1}, the roots of cubic polynomial

x3 − x2{s+ αr(n2 + 1)}+ x{α2r2(2n2 + 2) + α2r2 + αrs− (α− 1)2(λi(G) + r)n2+

(α− 1)2λ2
i (G)} − α2r2(αr + s)(n2 + 1) + αr(α− 1)2(λi(G) + r)n2 + (αr + s)(α− 1)2λ2

i (G).

Corollary 2.11. If G1 is r-regular and G2 be any graph such that G1 and G2

are Aα-cospectral. Then for any arbitrary graph F , G1 ⊞ F and G2 ⊞ F are Aα-
cospectral.

Corollary 2.12. For any arbitrary graph G, if F1 and F2 are Aα-cospectral such
that ΓAα(F1) = ΓAα(F2), then G⊞ F1 and G⊞ F2 are Aα-cospectral.

2.4. Aα-Spectra of Vertex Complemented Corona
It is to note that the order of vertex complemented corona G◦̃H⃗ is |V (G)| +∑n

i=1 |V (Hi)| and size is |E(G)|+
∑n

i=1 |E(Hi)|+ (|V (G)| − 1)
∑n

i=1 |V (Hi)|.
The vertices of G◦̃H⃗ can be labelled as below:

V (G◦̃H⃗) = {(v, 0) : v ∈ V (G)} ∪n
i=1 {(vi, w) : vi ∈ V (G), w ∈ V (Hi)}
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and adjacency defined in Definition 1.11 can also be viewed as

(vi, w) ∼ (vj, w
′) ↔


w = w′ = 0 and vi ∼ vj in G

or
vi = vj and w ∼ w′ in Hi

or
vi ̸= vj and just one of w and w′ is 0

Theorem 2.13. Let G be an r-regular connected graph with order n ≥ 2 and let
H⃗ = (H1, · · · , Hn) be an n-tuple of each k-regular graphs with |V (Hi)| = m ≥ 1
for i ∈ {1, · · · , n}. Suppose G has eigenvalues r = λ0 > · · ·λp with multiplicities

r0 = 1, r1, · · · , rp. Then the Aα- spectrum of G◦̃H⃗ consists of the following:

i . α(n − 1) + k with multiplicity (
∑n

i=1 si) − n, where si denotes multiplicity
of eigenvalue α(n− 1) + k of Hi.

ii . α(n− 1) + µ with multiplicities rµ, where α(n− 1) + µ is an eigenvalue of
Hi with multiplicity rµ, consisting of all eigenvalues of Hi except α(n−1)+k
for each i ∈ {1, · · · , n}.

iii . Roots of the quadratic polynomial x2 − x{α(n + mn − m − 1) + r + k} +
α(n− 1){mα(n− 1) + km+ r}−m(α− 1)2(n− 1)2 + rk with multiplicity 1.

iv . Roots of the quadratic polynomial x2 − x{α(n +mn−m− 1) + λj + k} +
α(n − 1){mα(n − 1) + km + λj} −m(α − 1)2 + λjk with multiplicity rj for
j ∈ {1, · · · , p}.

Proof. Arranging the vertices in a suitable way, the Aα- matrix of G◦̃H⃗ can be
written as follows:

G◦̃H⃗ =


Aα(G) + αm(n− 1)In (1− α)(Jn − In)⊗ eT

(1− α)(Jn − In)
T ⊗ e In ⊗ Aα(Hi) + α(n− 1)Im


Therefore the characteristic polynomial of Aα(G◦̃H⃗) is

f(Aα(G◦̃H⃗), x) = det [In ⊗ ((x− α(n− 1)) Im − Aα(Hi))]×
det

[
(x−mα(n− 1)In − Aα(G)− (α− 1)2M ⊗ eTS−1MT ⊗ e

]
where M = Jn − In and S = In ⊗ ((x− α(n− 1)) Im − Aα(Hi). Hence by using
Lemmas 1.3 and 1.4 and simplifying, we get the required result.



24 South East Asian J. of Mathematics and Mathematical Sciences

2.5. Aα-Spectra of Duplication Vertex Complemented Corona
Motivated by the earlier graph operations, we have proposed the following graph

operation and computed its Aα-eigenvalues for some cases.

Definition 2.14. (Duplication vertex complemented corona) The Duplication ver-
tex complemented corona G⊡̃F of two graphs G and F is the graph obtained by
taking one copy of Du(G) and |V (G)| copies of F and then joining every vertex in
ith copy of F to every vertex in V (G) \ {vi}.

Here the number of vertices and edges of G⊡̃F are 2|V (G)|+ |V (G)||V (F )| and
2|E(G)|+ |V (G)||E(F )|+ |V (F )|(|V (G)| − 1)|V (G)|.
Theorem 2.15. Let G be a r-regular and F be a s-regular graph, then the eigen-
values of G⊡̃F are

i . λi(F ) for i ∈ {2, · · · ,m} with multiplicity n.

ii . Roots of the cubic polynomial x3 − x2s − x(m + λ2
i (G)) + sλ2

i (G) for each
i ∈ {2, · · · , n}

iii Roots of the cubic polynomial x3 − x2s− x{m+ r2 +mn(n− 2))}+ sr2.

Proof. From observation, the adjacency matrix associated with G⊡̃F can be
obtained as follows:

A(G⊡̃F ) =

 In ⊗ A(F ) 0 (Jn − In)
T ⊗ e

0 0 A(G)
(Jn − In)⊗ eT A(G) 0


Therefore, after simplification by using Lemmas 1.1 and 1.3, we get

f(G⊡̃F, x) = det(In ⊗ (xIm − A(F )))× A

where

A = det

[
xIn −A(G)

−A(G) xIn − ((n− 2)Jn + In)
m

x− s

]
Now,

A = det(xIn)× det

[
{(x− m

x− s
)In − m(n− 2)

x− s
} −A2(G)

1

x

]
=

{
1− mx(n− 2)

x− s
ΓA2(G)

(
x(x− m

x− s
)

)}
× det

{
x(x− m

x− s
)In −A2(G)

}

=

1− mx(n− 2)

x− s
× n

x(x− m

x− s
)− r2

× 1

(x− s)n
× det

[
x{x(x− s)−m}In −A2(G)(x− s)

]
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Therefore, the characteristic polynomial of G⊡̃F is

f(G⊡̃F, x) =
[
{x(x(x− s)−m)− r2(x− s)} −mnx(n− 2)

]
×

m∏
i=2

(x− λi(F ))n

×
n∏

i=2

{x(x(x− s)−m)− λ2
i (G)(x− s)}

and hence the theorem.

Theorem 2.16. Let G be a r-regular and F be a s-regular graph, then the Aα-
eigenvalues of G⊡̃F are

i . α(n− 1) + λi(Aα(F )) for i ∈ {2, · · · ,m} with multiplicity n.

ii . Roots of the cubic polynomial
(x−αr){(x−αm(n− 1)−αr)(x−α(n− 1)− s)− (α− 1)2m}− (α− 1)2(x−
α(n− 1)− s)λ2

i (G) for i ∈ {2, · · · , n}

iii Roots of the cubic polynomial
(x− αr){(x− αm(n− 1)− αr)(x− α(n− 1)− s)− (α− 1)2m} −
(α− 1)2(x− α(n− 1)− s)r2 − (x− αr)(α− 1)2mn(n− 2).

Proof. If G be r-regular and F be s-regular graph, then Aα-matrix associated
with G⊡̃F can be written as

Aα(G⊡̃F ) =

In ⊗ (Aα(F ) + α(n− 1)Im) 0 (1− α)(Jn − In)
T ⊗ e

0 αrIn (1− α)A(G)
(1− α)(Jn − In)⊗ eT (1− α)A(G) (αr + αm(n− 1))In


Hence with the routine work as done above, the results follows.

From this theorem, we can suggest some infinite family of Aα- cospectral graphs.

Corollary 2.17. Let G be a regular graph and F1 and F2 have same regularity such
that they are Aα-cospectral. Then G⊡̃F1 and G⊡̃F2 are also Aα-cospectral.

Corollary 2.18. Let G1 and G2 be regular cospectral graph such that ΓA2(G1) =

ΓA2(G2). Then for any arbitrary regular graph F , G1⊡̃F and G2⊡̃F are Aα-
cospectral.

Remark 2.19. If G be a complete graph and F be any arbitrary connected graph,
then the Aα-spectrum of duplication neighbourhood corona and duplication vertex
complemented corona are same.
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3. Concluding Remark
In this paper, we have discussed Aα-spectra of three various duplication corona

operations on a graph with another graph. Later we have defined duplication vertex
complemented corona operation and investigated its spectrum explicitly. Also we
have found some infinite family of graphs based on these results.
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